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The behavior of a liquid-particle suspension induced to sheared motion was analyzed by numerical simula-
tions. When the velocity �strain� of the suspension began to increase, its viscosity first stayed almost constant,
but increased then rapidly to a clearly higher level. This increase in viscosity is shown to be related to
formation of clusters of suspended particles. Clusters are shown to increase the viscosity by enhanced momen-
tum transfer though clustered particles. This is the mechanism behind the strain-hardening phenomenon ob-
served in small-strain experiments on liquid-particle suspensions.
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I. INTRODUCTION

Complex fluids in the form of liquids with solid particles
suspended in them are important in many fields of industry
as well as in biological processes and in nature. Such sus-
pensions exhibit a wide variety of complex rheological prop-
erties that are still relatively poorly understood in spite of
the intensive research they have attracted. There is still ob-
vious need for improving our understanding of many funda-
mental and complex phenomena that appear in liquid-particle
suspensions.

Presence of solid particles in the fluid modifies the veloc-
ity field around these particles leading to an increase in the
viscosity of the suspension. For dilute suspensions interac-
tions between particles can be neglected, which leads to the
famous Einstein formula �1� for the viscosity of the suspen-
sion. This formula predicts that the relative viscosity in-
creases in the creeping-flow regime linearly with increasing
solid-volume fraction, �r=1+2.5� �1�. However, experi-
ments show deviations from this simple result even at low
solid-volume fractions ��5% �. Already at these concentra-
tions close encounters of particles appear so frequently that
many-body hydrodynamic interactions take effect.

There is increasing evidence that many phenomena exhib-
ited by liquid-particle suspensions, which cannot be ex-
plained by effects produced by noninteracting suspended par-
ticles, are related to their microstructure, i.e., to spatial
correlations of these particles. One form of spatial correla-
tion is formation of clusters of suspended particles, which we
already know �2� to have significant influence on the rheo-
logical properties of the suspension, although direct experi-
mental demonstration of this influence has proved to be
rather difficult �4–6�. As clusters we mean here compact
groups of particles, formed as a result of hydrodynamic
forces that bring suspended particles to close contact with
each other. Short-range lubrication forces between these par-
ticles are then responsible for binding together such other-
wise temporary aggregates.

Shear thickening, e.g., is a good example of a complex
non-Newtonian phenomenon: For increasing particle shear-
Reynolds number �defined below� dense suspensions exhibit
increasing viscosity. For solid-volume fractions close to the
maximum packing limit shear thickening may appear as an

abrupt rise in viscosity, but for lower solid-volume fractions
a continuously increasing viscosity is the most common be-
havior �3,4�. The prevalent conjecture for this shear-
thickening behavior is formation of clusters of suspended
particles �see, e.g., Refs. �4–7��. We have shown recently
that, for low shear-Reynolds numbers, shear thickening is
indeed related to enhanced momentum transfer through the
particle phase of the suspension �2,8�, while for Reynolds
numbers above unity, inertial effects become significant �2�.

A particularly interesting phenomenon observed in liquid-
particle suspensions, which is related to shear thickening and
has recently received experimental attention, is the so-called
strain-hardening effect �9,10�: A significant and abrupt rise in
viscosity is observed when an initially immobile suspension
is induced to sheared motion. The prevailing belief is that
also this phenomenon results from formation of particle clus-
ters although no direct evidence of such clustering has so far
been found. The strain-hardening phenomenon is present
even in the simplest possible liquid-particle suspension,
namely in that consisting of a Newtonian carrier fluid and
non-Brownian and noncolloidal spherical particles. This kind
of simple suspension was very recently analyzed in the de-
tailed experiments by Carreau and Cotton �10�. Carreau and
Cotton considered suspensions under steady shear. However,
similar strain hardening has also be seen under oscillatory
shear where an increase in viscosity is observer if the strain
amplitude becomes large enough �11�.

It is evident that in strain hardening some of the mecha-
nisms responsible for increased viscosity in concentrated
suspensions are expected to come into operation. Therefore,
a more detailed understanding of the underlying mechanism
behind strain hardening may also shed new light into struc-
tural issues that are more generally related to formation of
viscosity in liquid-particle suspensions.

Computer simulations have widely been used for analyz-
ing suspension flows. To this end several methods have been
developed, and previously the technique mostly used was the
method of Stokesian dynamics �12�. Other succesfully ap-
plied methods have been described in, e.g., Refs. �13–18�,
including the lattice-Boltzmann method �15� that has re-
cently gained popularity and is also used in this work.

In this article we report results of our numerical simula-
tions of the strain-hardening phenomenon in the simple sus-
pension described above. We use the lattice-Boltzmann

PHYSICAL REVIEW E 72, 061402 �2005�

1539-3755/2005/72�6�/061402�6�/$23.00 ©2005 The American Physical Society061402-1

http://dx.doi.org/10.1103/PhysRevE.72.061402


method that has turned out to be an efficient tool for simu-
lating complex fluids such as liquid-particle suspensions
�15,19�. By numerical simulations we can gain detailed in-
formation about the microstructure of the suspension, and
thereby seek a structural explanation for the experimentally
observed strain-hardening phenomenon.

II. A LATTICE-BOLTZMANN METHOD FOR SUSPENSION
SIMULATIONS

Flow of the carrier liquid in a suspension is governed by
the Navier-Stokes equation. A recently introduced method
for numerically simulating this equation is the lattice-
Boltzmann �LB� method �19–21�. In the LB method a dis-
crete version of the Boltzmann equation is solved on a regu-
lar grid for a single-particle distribution function f i�r , t� that
describes the density of particles on lattice node r at time t
with a discrete velocity ci. Of the several existing LB models
�22–27� we use here the one based on the Bhatnagar-Gross-
Krook �BGK� single-relaxation-time collision operator. In
this model the dynamics of the system is governed by the LB
equation

f i�r + ci,t + 1� = f i�r,t� +
1

�
�f i

eq�r,t� − f i�r,t�� , �1�

in which f i
eq is the equilibrium distribution function towards

which the distribution functions are relaxed. This relaxation
process is characterized by relaxation-time parameter �. No-
tice that this equation as well as all the other equations and
simulation results in this article are given in dimensionless
lattice units. In the D3Q19 model �24� that we use here, the
equilibrium distribution function can be expressed in the
form

f i
eq = �ti�1 +

ci · u

cs
2 +

�ci · u�2

2cs
4 −

u2

2cs
2� , �2�

where ti is a weight factor depending on the length of vector
ci, cs=1/�3 is the speed of sound, � the density of the fluid,
and u its velocity. Density � and velocity u are obtained from
the zeroth and first velocity moments of the distribution
function, respectively. Pressure is obtained from the equation
of state, p=cs

2�, and kinematic viscosity is �= �2�−1� /6. One
of the advantages of the LB method is that the stress tensor
can easily be determined locally at each lattice node,

��	 = − p
�	 − �1 −
1

2�
	


i

�f i�r,t� − f i
eq�r,t��ci�ci	. �3�

This property of the method is used in the stress analysis
below.

In the LB method the no-slip boundary condition at the
fluid-solid boundaries is most often realized by using the
heuristic bounce-back rule in which the distribution that col-
lides with a wall is simply reflected back. This boundary
condition was generalized to moving boundaries by Ladd
�25�. In the modified bounce-back rule the distribution f i of
the reflected particles is given by

f i = f−i +
2�ti

cs
2 uw · ci. �4�

Here −i denotes the link opposite to i and uw is the local
velocity of the moving boundary. This boundary condition is
easy to implement and makes the simulation of particle sus-
pensions straightforward. In addition to describing the effect
of suspended particles on the fluid, it can also be used to
compute the forces and torques acting on the particles, which
are needed when updating the velocities, angular velocities,
and positions of the particles. In the Ladd model particles
were described as solid shells with an interior fluid �25�. An
alternative approach was proposed by Aidun and Lu �28�, in
which there was no interior fluid. In our simulations a model
without an interior fluid is used.

Long-range hydrodynamic interactions are correctly de-
scribed by the LB method �15,29�. However, when particles
are in close contact, this method fails to produce the form of
the hydrodynamic interactions valid at very short distances
between them �30�. It is, therefore, necessary to add a lubri-
cation force between the particles of the form

Flub = − 6��
a1

2a2
2

�a1 + a2�2�1

h
−

1

hN
	U12 · R̂12R̂12, �5�

where � is the dynamic viscosity of the fluid, a1 and a2 are
the radii of the colliding particles, h is the shortest distance
between them, hN is a cut-off distance below which this force
is used, U12=U1−U2 is the velocity difference between the

particles, and R̂12 is a unit vector pointing from the center of
particle 1 to that of particle 2. At short interparticle distances
an additional lubrication force of this kind may, however,
lead to large accelerations and thus to numerical instabilities.

An implicit updating scheme should thus be used for the
particle velocities. On the other hand, this leads to numerical
difficulties since such updating schemes have a complexity
of O�n3�. Our approach to this problem is to set an upper
limit to the lubrication force, and to use elastic collisions at
very short interparticle distances. However, with this kind of
particle handling overlaps may occasionally occur. There-
fore, at small interparticle distances also a velocity-
independent repulsive spring force �31,32� is added to avoid
overlaps of particles �33�. Notice that this force is only used
for particles that are expected to overlap, i.e., when the dis-
tance between the particles is below the threshold distance
used for elastic collisions, and it is thus only rarely needed.
Benchmark results for the simulation method applied in this
work have been reported in Ref. �33�, and they indicate the
method to accurately produce the known viscosity behavior
for liquid-particle suspensions.

To demonstrate the effect of the lubrication correction we
show results of a simulation where two particles are ap-
proaching head on each others in a quiescent fluid. It is evi-
dent from Fig. 1 that, without a lubrication correction, the
discreteness of the system prevents the computational
method from detecting small changes at short distances in
the interparticle separation, and thus from producing a diver-
gent hydrodynamic force on the two particles.
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III. SIMULATION RESULTS FOR STRAIN HARDENING

Simulations were done in a plane Couette geometry in
which the suspension is confined between two parallel plates.
A shear flow was introduced by moving the plates in oppo-
site directions with equal speed. The size of the system was
Lx�Ly �Lz=90�260�158 �in lattice units�, where y is the
flow direction and z the direction in which the velocity gra-
dient was introduced; x is often called the vorticity direction.
The simulated suspension consisted of spherical monodis-
persed particles with a diameter of d=12 lattice units. The
solid volume fraction of the suspension varied between 0.41
and 0.56, and the number of particles between 1655 and
2270, respectively.

Carreau and Cotton �10� used a procedure they called
“conditioning” in order to break the possible particle aggre-
gates existing initially. In conditioning a low-strain-
amplitude oscillatory flow was imposed in the sample before
the actual strain-hardening measurements �10�. In simula-
tions similar initial conditions were ensured by choosing
such initial particle configurations in which no clusters were
present �for our definition of a cluster, see below�. Otherwise
the initial particle configurations were random �see Fig. 2�.

We simulated so-called start-up tests in which the shear
rate was kept constant throughout the simulation. The plates
were moved with such a speed that the resulting particle
shear-Reynolds number,

Rep =
d22uw

Lz�
, �6�

was Rep�1.6·10−2. The measurements of Ref. �10� were
done at extremely low shear-Reynolds numbers so that they
varied in the interval Rep�10−11–10−9 �10�. The restrictions

set simply by the CPU time available made simulations for
such low values of Rep impossible. Also, the system size in
our simulations was smaller than that of Ref. �10� in which
the distance between the plates was 100 particle diameters,
whereas in our case it was about 13 particle diameters. Thus,
we cannot expect an exact reproduction of the experimental
results in our simulations, but this does not prevent us from
semiquantitative comparison of the results, and from analyz-
ing in particular the microscopic mechanism behind the
strain-hardening phenomenon.

When a simulation is started, high velocity gradients arise
close to the confining plates until a steady flow develops
between them. These gradients cause high shear stresses on
the plates, which would at least partially hide the strain-
hardening phenomenon due to the relatively high shear-
Reynolds number used in the simulations. In order to prevent
this problem and to more closely comply with the experi-
mental conditions, we initialized the simulations by holding
the particles in their initial positions until a steady flow was
developed �see Fig. 3�. The velocities and angular velocities
of the particles were, however, updated in the normal fashion
during this initialization phase. When a steady state was
reached, all particles were let to move at their current veloci-
ties and angular velocities, and the actual simulation of the
system was thereby started.

In Fig. 4 we show the viscosities obtained from four
start-up tests in which the solid-volume fractions were 0.41,
0.46, 0.51, and 0.56. Viscosity was determined from the
shear forces acting on the plates by assuming a linear veloc-
ity profile between the plates in analogy with the experimen-
tal procedure. The results of these start-up tests displayed

FIG. 1. Force on a particle approaching head on a similar par-
ticle as a function of the shortest distance between particle surfaces
with ��� and without ��� a lubrication correction. Also shown is
the force obtained from lubrication theory �solid line� �34�. Both
quantities are expressed in lattice units.

FIG. 2. �Color� Initial configuration of particles for a suspension
with the solid volume fraction 0.41.
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strain-hardening behavior qualitatively similar to that ob-
served in Ref. �10�, i.e., a significant rise in viscosity was
observed when the strain �i.e., maximal horizontal displace-
ment of the fluid per unit height� reached a value of about
0.1. For decreasing solid-volume fraction the rise in the vis-
cosity was also decreased, and it appeared at a somewhat
lower strain. Fluctuations in the upper viscosity plateau were
comparatively large due to the fairly small size of the simu-
lated system.

We now demonstrate that the strain-hardening phenom-
enon results from changes in the microstructure of the sus-
pension, which mainly appear as formation of particle clus-
ters. We define a cluster such that particle i is considered to
be in a cluster if in the same cluster there is a particle j such
that

�ri − r j� − ai − aj  
c. �7�

Here 
c is a predefined treshold value for largest allowed
distance between the nearest-neighbor particles in a cluster.
In the analysis we performed the threshold value was

c=0.1 �lattice units�. A rather strict definition for a cluster is
needed due to the high solid volume fractions used in the
simulations. However, a small variation in the threshold
value would not change the qualitative behavior. We define
the clustering rate as the proportion of the particles that be-
long to any of the clusters. This quantity does not describe all
aspects of clustering and its effect on the apparent viscosity
of the suspension: Also the size, shape, and orientation of the
clusters may affect the viscosity. Clustering rate will, how-
ever, give a qualitative picture of the clustering process. In
Fig. 5 we show the number of clustered particles as a func-
tion of strain for the same simulations for which the viscosi-
ties were shown in Fig. 4. It is evident that clustering rate
behaves similarly to viscosity. When the solid-volume frac-
tion of the suspension is increased, clustering and the rise in
viscosity both appear at a smaller value of strain. It is evident
that for increasing concentration the mean interparticle dis-
tance becomes smaller, which enhances clustering.

Experiments indicate that the viscosity of the suspension
is independent of the shear rate in the regime of very low
rates �9,10�. We, therefore, considered the behavior of our
model suspension with a solid-volume fraction of �=0.51
for three different shear rates. Notice that in all these simu-
lations exactly the same initial configuration of particles was
used. We found that the behavior of viscosity was almost
identical for the three shear rates �cf. the inset in Fig. 4�. This
indicates that strain hardening is indeed connected to the
microstructure of the suspension.

Consider now momentum transfer in the above suspen-
sions. The lattice-Boltzmann method is ideal for this kind of

FIG. 3. �Color� A cross section of the velocity field after the
initialization procedure for the suspension with the solid volume
fraction 0.41.

FIG. 4. Relative viscosity as a function of strain: Simulation
results for solid-volume fractions 0.41, 0.46, 0.51, 0.56. The lowest
�highest� curve is related to the lowest �highest� volume fraction of
the suspension. In the inset shown is the relative viscosity of a
suspension with the solid volume fraction �=0.51 for three differ-
ent shear rates.

FIG. 5. Number of clustered particles as a function of strain.
This result is for the same simulations as those shown in Fig. 4. Nc

is the number of clustered particles and Ntot total number of
particles.
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analysis since the deviatoric stress tensor can be calculated
locally from the nonequilibrium part of the distribution func-
tion, and no approximation is needed for derivatives of the
local velocity. The stresses that originate from the fluid and
the solid phase can be determined separately, and we did so
in each plane parallel to the moving plates. We thus deter-
mined the proportion of viscosity that results from momen-
tum transfer through the fluid phase, averaged over all
planes. The rest of the viscosity results from the internal
stresses of the particles since the convective stresses were
found to be insignificant in both the fluid and the solid phase.
Results of this stress analysis is shown in Fig. 6. It is evident
from this figure that the observed increase in viscosity, i.e.,
the strain-hardening effect, is caused by enhanced momen-
tum transfer via the solid phase.

We still need to verify that the enhanced momentum
transfer via the solid phase is indeed dominated by clusters
of particles. To this end we determined the internal stress for
each individual particle. This was done by integrating the
forces acting on the surfaces of the particles. The resulting
components of the stress tensor averaged over a particle are
given by

��	� =
1

2V
�

S

�P�x	 + P	x��dS , �8�

where V is the volume of the particle, P the external force
per unit area acting on particle surface, and x the position
vector �35�. This force is directly obtained from the fluid-
solid boundary condition imposed �Eq. �4��. Since we know
from the cluster analysis which particles belong to clusters,
we can determine the average internal shear stresses in clus-
tered and nonclustered particles using the stresses of indi-

vidual particles obtained by using Eq. �8�. Figure 7 shows
that the stresses in the clustered particles are considerably
higher than those in the nonclustered particles. We can thus
conclude that formation of particle clusters is indeed respon-
sible for the strain-hardening phenomenon.

IV. DISCUSSION AND CONCLUSIONS

In this work we simulated the behavior of a liquid-particle
suspension with noncolloidal and non-Brownian solid par-

FIG. 6. Relative viscosity as a function of
strain: �a� �=0.41, �b� �=0.46, �c� �=0.51, and
�d� �=0.56. Dotted lines indicate the proportion
of viscosity that results from fluid stress.

FIG. 7. Mean internal stress of clustered �upper curve� and non-
clustered particles �lower curve� for �=0.41. There were no clus-
tered particles initially.
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ticles using the LB method. The strength of computer simu-
lations in studying correlated structures inside suspensions,
which may significantly affect their rheological behavior, is
that simulations make it possible to analyze in detail the
microscopic structure of the suspension. They thus provide
direct information that would be difficult to obtain by experi-
mental techniques. In addition to the structural information,
the LB method enables computation of the internal stresses
of individual particles as well as the local components of the
stress tensor in the fluid. These features of the method en-
able, e.g., an exact analysis of various momentum transfer
mechanisms that are responsible for changes in the viscosity
of the suspension.

With these methods we analyzed the viscosity of a liquid-
particle suspension that is immobile initially but is then
induced to sheared motion. At the early phases of the
process, the viscosity of the suspension stayed almost con-
stant, but increased then fairly rapidly to a clearly higher
level. We showed that this rise in viscosity is accompanied
by formation of clusters of suspended particles. A detailed

analysis of momentum transfer in the system revealed that
increasing viscosity is caused by increasing momentum
transfer via suspended particles. Finally we demonstrated
that momentum transfer is dominated by particles that be-
long to clusters. We could thereby explain the mechanism
that creates the so-called strain-hardening phenomenon ob-
served �10� in detailed small-strain experiments on liquid-
particle suspensions.

It is evident that the clustering tendency of suspended
particles, shown here to be responsible for the strain-
hardening phenomenon, is also more generally a mechanism
that causes the viscosity of the suspension to increase for
increasing shear-Reynolds number, before inertial effects be-
gin to play a dominant role �2�. The first results for two-
dimensional suspensions, which indicated such a role for
particle clusters �2,8�, are thus carried over to three dimen-
sions. The momentum transfer analysis carried out here is
also more detailed than the one reported in Ref. 8.
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